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We calculate a one loop effective action of 5*17(2) QCD in the presence of the monopole background, 
and find a possible connection between the resulting QCD effective action and a generalized Skyrme- 
Faddeev action of the non-linear sigma model. The result is obtained using the gauge-independent 
decomposotion of the gauge potential into the topological degrees which describes the non-Abelian 
monopoles and the local dynamical degrees of the potential, and integrating out all the dynamical 
degrees of QCD. 

PACS numbers: 12.38.-t, 11.15.-q, 12.38.Aw, ll.10.Lm 



Recently Faddeev and Niemi have discovered the 
knot-like topological solitons in the Skyrme-type non- 
linear sigma model JjJ, and made an interesting con- 
jecture that the Skyrme-Faddeev action could be inter- 
preted as an effective action for QCD in the low energy 
limit [||. On the other hand it is generally believed 
that QCD in the low energy limit must exhibit the con- 
finement of color, and it has long been argued that the 
confinement could take place through the condensation 
of the monopole which generates the dual Meissner ef- 
fect HQ. So, in order to reconcile the Faddeev-Niemi 
conjecture with the confinement, one must be able to con- 
struct the effective action of QCD from the first principles 
and produce the mass scale that the Skyrme-Faddeev ac- 
tion contains, which could demonstrate the dynamical 
symmetry breaking and triggers the confinement of color 
in QCD K|. However, a rigorous derivation of an ef- 
fective action of QCD which could generate the desired 
monopole condensation has been extremely difficult . 
Fortunatly several authors have recently been able to ar- 
gue that one can indeed derive a generalized Skyrme- 
Faddeev action from the effective action of QCD jn the 
infra-red limit, at least in some approximation 



The purpose of this paper is to study the Faddeev- 
Niemi conjecture in more detail. Our analysis shows that, 
after the monopole condensation, the effective action of 
QCD could be approximated around the new vacuum 
by a generalized Skyrme-Faddeev action. Furthermore, 
our analysis strongly indicates that the mass scale in the 
Skyrme-Faddeev action is closely related to the confine- 
ment scale in QCD. This establishes a deep connection 
between a generalized Skyrme-Faddeev type non-linear 
sigma model and QCD which is remarkable. On the 
other hand the assertion that the Skyrme-Faddeev ac- 
tion could describe QCD in the infra-red limit is found 
to be misleading. In particular, it is highly unlikely that 
the Faddeev-Niemi knots can be realized in QCD. 



To study a dynamical symmetry breaking induced by 
the monopole condensation one must first calculate the 
effective action of QCD under the monopole background. 
To do this one has to integrate out all the dynamical de- 
grees of the non-Abelian gauge theory, leaving only the 
monopole configuration as the background. For this it is 
necessary for us to identify the monopole potential, and 
separate it from the generic QCD connection, in a gauge 
independent manner. This can be done with the gauge- 
independent decomposition of the non-Abelian gauge po- 
tential into the dual potential and the valence potential 
^J,||, which provides us a natural reparameterization of 
the non-Abelian connection in terms of the dual potential 
of the maximal Abelian subgroup H of the gauge group 
G and the gauge covariant vector field of the remaining 
G/H degrees. With this decomposition one can calcu- 
late the effective action of QCD using the background 
field method, and show that the monopole condensation 
takes place after one integrates out all the dynamical de- 
grees of the non-Abelian gauge potential. 

For simplicity we will consider SU (2) QCD. A natural 
way to identify the monopole potential and to separate 
the topological degree is to introduce an isotriplet unit 
vector field h which selects the color direction at each 
space-time point, and to decompose the connection into 
the Abelian projection which leaves n invariant and the 
remaining part which forms a covariant vector field , 
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Afj, = A^ii - -n x d^n + X^= A t _ l + X^, 
(A fl =n- A^, n 2 = 1, h-X^ = 0), 



(1) 



where A^ is the "electric" potential. Notice that the 
Abelian projection A^ is precisely the connection which 
leaves h invariant under the parallel transport, 



D^n = dnfi + gA^ x h = 0. 



(2) 
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Under the infinitesimal gauge transformation 

Sn = —a x h , 6 A u = —D u d, (3) 
9 

one has 

5A„ = -n ■ dnd, 5 An = -Dad, 
9 9 

4 = -ax4 (4) 

This shows that by itself describes an SU{2) connec- 
tion which enjoys the full SU(2) gauge degrees of free- 
dom. Furthermore transforms covariantly under the 
gauge transformation. This confirms that our decom- 
position provides a gauge-independent decomposition of 
the non-Abelian potential into the restricted part A^ and 
gauge covariant part X^. This decomposition, which has 
recently become known as the "Cho decomposition" M o r 
the "Cho-Faddeev-Niemi-Shabanov decomposition" plO|, 
was introduced long time ago in an attempt to demon- 
strate the monopole condensation in QCD . But only 
recently the importance of the decomposition in clarify- 
ing the non-Abelian dynamics has become appreciated 
by many authors |^||. Indeed it is this decomposition 
which has played a crucial role to establish the possible 
connection between the Skyrme-Faddeev action and the 
effective action of QCD [p|-|lO|], and the Abelian domi- 
nance in the Wilson loops in QCD [ pT| . 

To understand the physical meaning of our decompo- 
sition notice that the restricted potential A^ actually has 
a dual structure. Indeed the field strength made of the 
restricted potential is decomposed as 

F^u = d^Ajj — d v A^, 
H^y = - in ■ {dfj.fi x d v fi) = d^Cy - d v C^ (5) 

where is the "magnetic" potential [f|||]. So one can 
identify the non-Abelian monopole potential by 

d M = -~n x d u n, (6) 

in terms of which the magnetic field is expressed by 

Hau = df,Cy - dyCf, + gCf, x C v = x d ^ 

= H uu n. (7) 

Notice that the magnetic field has a remarkable structure 

H ua H a pHp u — —-H^Hfiv, (8) 



which will be useful for us in the following. 

Another important feature of A^ is that, as an SU(2) 
potential, it retains the full topological characteristics of 
the original non-Abelian potential. Clearly the isolated 
singularities of n defines ^(S 2 ) which describes the non- 
Abelian monopoles. Indeed A u with A u = and h — f 
describes precisely the Wu-Yang monopole [|l2||l3| l. Be- 
sides, with the S 3 compactification of R 3 , h character- 
izes the Hopf invariant ^^(S 2 ) ~ t t^ (S 3 ) which describes 
the topologically distinct vacuua 14.15|. This tells that 
the restricted gauge theory made of An, could describe 
the dual dynamics which should play an essential role in 
5(7(2) QCD §§. 

With our decomposition (1) we have 
F av = F uv + D U X V - D v X a + gX„ x X v , (9) 

so that the Yang-Mills Lagrangian is expressed as 

£ = - 4^1/ = ~\ F 1i> ~ |^ ' C^p x 

-^(D^Xy-DyX^) 2 -^(X^xXy) 2 . (10) 

This shows that the Yang-Mills theory can be viewed as 
the restricted gauge theory made of the Abelian projec- 
tion, which has an additional gauge covariant charged 
vector field (the valence gluons) as its source [|]||. 

With this preparation we will now derive the effective 
action of QCD in the presence of the monopole back- 
ground, using the background field method (l^Jl^]. So 
we first devide the gauge potential An, into two parts, 
the slow-varying classical part A^ and the fluctuating 
quantum part A^jf 1 , and identify the monopole potential 
C u as the classical background, 

A^ = Afj, ^ + A^P , 
4 C) =^ A^ =A^n + X u . (11) 

With this we introduce two types of gauge transfor- 
mations, the background gauge transformation and the 
physical gauge transformation. Naturally we identify the 
background gauge transformation as 

6C U = -D^a, 
9 

8{A ll h + X IJ ) = -dx{A ll n + X ll ), (12) 

where now D u is defined with only the background po- 
tential C,j, 

D^ = (d u +gC^x). (13) 
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As for the physical gauge transformation which leaves the 
background potential invariant, we must have 



8C^ = 0, 8{A t ,h + Xf,) = ^-D^a 



(14) 



Notice that both (12) and (14) respect the original gauge 
transformation, 



SA 



Now, we fix the gauge by imposing the following gauge 
condition to the quantum fields, 



F = D lx (A ll h + X li ) = Q, 



2i 



(15) 



The corresponding Faddeev-Popov determinant is given 
by 



5F a 



(16) 



With this gauge fixing the effective action takes the fol- 
lowing form, 



, „ > ?- 9 -P , , 



-(D^X v -D v X t 



y ~F^ ■ (X„ x X u ) 



4 
1 



(17) 



where c and c * are the ghost fields. Notice that the effec- 
tice action is explicitly invariant under the background 
gauge transformation (12), if we treat the ghost fields as 
quantum fields and add the following gauge transforma- 
tion of the ghost fields to (12), 



6c 



-a x c, 



6c * 



-axe 



(18) 



This guarantees that the resulting effective action we 
obtain after the functional integral should be invariant 
under the remaining background gauge transformation 
which involves only C^. This, of course, is the advantage 
of the background field method which greatly simplifies 
the calculation of the effective action Jl(|[l7j ■ 

Now, we can perform the functional integral in (17). 
Remember that in one loop approximation only the terms 
quadratic in quantum fields become relevant in the func- 
tional integral. So the A^ integration becomes trivial, 



and the X^ and ghost integrations result in the following 
functional determinants (with £ = 1), 



T>et-?K°» ~ Bet-i[g^(DD) ab - 2gH flu e abc n c ] 



BetMfp ~ Bet(DD) 



ah 



(19) 



One can simplify the determinant K using the relation 

(8), 

lnDet~5# = -hiDet( J DL>) afc 

- i lnDet[(L>L>) afc + iV2gHe abc n c ] 

--In Det [{DD) ab - iV2gHe abc n c ] , (20) 



where H = y H 2 V . With this the one loop contribution 
of the functional determinants to the effective action can 
be written as 

AS = i\nDct{D 2 + V2gH) 

+ i\nDet(D 2 - V2gH), (21) 

where now acquires the following Abelian form, 
Dp = df, + igCp. 

Notice that the reason for this simplification is precisely 
because originates from the Abelian projection. One 
can evaluate the functional determinants in (21) with the 
Fock-Schwinger proper time method, and for a constant 
background H we find 



AC = 



1 



dt 



9 



il/vV 



16tt 2 7 t 2 smh{gHt/V2^ 2 ) 
x [exp{-V2gHt/ fi 2 ) + exp(V2gHt/ n 2 )}, 



(22) 



where fi is a dimensional parameter. The integral con- 
tains the (usual) ultra-violet divergence around t ~ 0, 
but notice that it is also plagued by a severe infra-red 
divergence around t ~ oo. This is because the func- 
tional determinant (21) contains negative eigenvalues, 
whose eigenfunctions become tachyonic in the infra-red 
region. More precisely when the momentum k of the 
gluon parallel to the background magnetic field becomes 
smaller than the background field strength (i.e., when 
k 2 < gH/y/2), the lowest Landau level gluon eigenfunc- 
tion whose spin is parallel to the magnetic field acquires 
an imaginary energy and thus becomes tachyonic. So 
to calculate the functional determinant we must exclude 
these unphysical tachyonic modes which causes the infra- 
red instability. 

The correct infra-red regularization is dictated by the 
causality. To implement the causality in (22) we first go 
to the Minkowski time with the Wick rotation, and find 
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AC- 



AC = AC+ + AC-, 

1 f 00 dt gH/V2n 2 

x [eM-iV2gHt/n 2 )}, 
1 r°° dt gH/V^n 2 



16tt 2 J t 2 sm(gHt/V2n 2 ) 
x [exp(+iV2gHt/n 2 )]. 



(23) 



In this form the infra-red divergence has disappeared, but 
now we face the ambiguity in choosing the correct con- 
tours of the integrals in (23). Fortunately this ambiguity 
can be resolved by the causality. Remember that the 
two integrals AC + and AC- originate from the two de- 
terminants in (21), and the standard causality argument 
requires us to identify \[2gH in the first determinant as 
\[2gH — ie but in the second determinant as ^/2gH + it. 
This tells that the poles in the first integral in (23) should 
lie above the real axis, but the poles in the second inte- 
gral should lie below the real axis. From this we conclude 
that the contour in A£ + should pass below the real axis, 
but the contour in AC- should pass above the real axis. 
With this causality requirement the two integrals become 
identical, so that we finally have 



AC 



1 



dt 



gH/V2 h 



16tt 2 J t 2 - 
x [exp(-V2gHt/n 2 ) 



sinhfoift/VV) 
exp(-V2 5 i?VM 2 )], 



(24) 



where now e is the ultra-violet cutoff which we have in- 
troduced to regularize the ultra-violet divergence. 

From these infra-red and ultra-violet regularization 
we finally obtain the following effective Lagrangian of 
QCD (with the modified minimal subtraction) 



C 



eff = — U -H (In — — 

n 4 96tt 2 V " 2 



c), 



i + £ h2+ gc(-i) 



1.2921409. 



(25) 



where now £(s) is the Riemann's zeta function. This com- 
pletes our derivation of the one-loop effective Lagrangian 
of SU{2) QCD in the presence of the monopole back- 
ground. Notice that, as expected, the effective lagrangian 
is explicitly invariant under the background gauge trans- 
formation (12). 

We emphasize that our infra-red regularization by 
causality naturally excludes the tachyonic modes from 
the functional integral. This is because the tachyonic 
modes will certainly violate the causality, and should be 
forbidden by the causality. Including the tachyons in the 
physical spectrum will surely destablize QCD and make 
it ill-defined. 



Clearly the effective action provides the following non- 
trivial effective potential 



V=-H 2 
4 



1 +^^( ln -^T- c ) 



247T 2 



which generates a non-trivial local minimum at 
■ 2 < 24ir 2 T 



u 

< H >= — exp 
9 



lis 2 



C "2 



(26) 



(27) 



This is nothing but the desired magnetic condensation. 
This proves that the one loop effective action of QCD 
in the presence of the constant magnetic background 
does generate a dynamical symmetry breaking thorugh the 
monopole condensation. 

To check the consistency of our result with the pcrtur- 
bative QCD we now discuss the running coupling and the 
renormalization. For this we define the running coupling 
9 by 



d 2 V 



8H 2 



H=u? 



2g 2 ' 



With this we obtain 



r 



n 

24tt 2 



, SM 

In — 5 — c 



and the following /3-function, 

11 



24tt 2 - 



(28) 



(29) 



(30) 



which exactly coincides with the well-known asymptotic 
freedom result jl8| . In terms of the running coupling the 
renormalized potential is given by 



Ken — T-ff 2 



llg 2 H 3, 
l + ^(ln^--) 



24tt 2 



(31) 



From this we obtain the following Callan-Symanzik equa- 
tion 



\ dfi dg * f)C. J 



d 



dC„ 



V^rcn ^ 0, 



(32) 



where 7 is the anomalous dimension for C M , 

11 _o 



7 



24tt 2 



9 



(33) 



This proves the renormalization group invariance of our 
effective potential. 

The fact that our effective potential (26) and the re- 
sulting vacuum (27) are expressed in terms of H assures 
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that they are explicitly gauge and Lorentz invariant. On 
the other hand notice that, in terms of the magnetic po- 
tential C M , the effective potential could be written as 



9 



V="-(C^C l 



+ 



4 
\\g 2 



->1 



1 



24tt 2 



In 



g[(C, x d) 2 ] 1/2 



(34) 



Now, just for a heuristic reason, suppose we choose a 
particular Lorentz frame and express the vacuum (27) 
by the vacuum expectation value of C M . In this picture 
the above effective potential generates the following mass 
matrix for C a , 



8 2 V \ 



scisct 



) = (St. 



_ llg 4 /(C p xH^) 



967T 2 \ 



H 2 



(35) 



where m can be interpreted as the "effective mass" for 
Cfj,. This demonstrates that the magnetic condensation 
indeed generates the mass gap necessary for the dual 
Meissner effect and the confinement. 

With the above understanding we can now study the 
possible connection between the Skyrme-Faddeev action 
and the effective actin of QCD. To do this we first expand 
the effective potential in terms of the magnetic potential 
around the vacuum and make the following approxima- 
tion, 



V 



v„ + i< 



8 2 V 
SCiSCi 



i( 63y ) ci ci & 

y-\8Cl5Cl5C k J 11 " 9 



-I- 



8 A V 



4! \ 8Ci8Cl8C k p 8C l a 



(~h r^j (~tk r~tl 
U M u l/ u p W 



(36) 



where 



C], = CI 



Notice that here we have neglected the higher order terms 
and kept only the quartic polynomial in C M for simplicity. 
In this case the corresponding effective Lagrangian will 
acquire the form 

£ef f - -\™ 2 {c») 2 - |(C M X C v f 



^■c v f- J(4,) 4 + 







(37) 



where a, /3, and 7 are numerical parameters determined 
by (36). This is nothing but a generalized Skyrme- 
Faddeev Lagrangian [jjj . This shows that one can indeed 
derive a generalized Skyrme-Faddeev action from QCD 
by expanding the effective potential around the vacuum. 

But there are two points that should be emphasized 
here. First, our approximation (37) is by no means ex- 
act. For example, we have assumed a constant magnetic 
background to derive the effective action. So our anal- 
ysis establishes a possible connection between a gener- 
alized non-linear sigma model of Skyrme-Faddeev type 
and QCD only in a limited sense. In particular it does 
not assert that the simple Skyrme-Faddeev action could 
describe QCD in the infra-red limit. Secondly, we had to 
choose a particular Lorentz frame to justify the expan- 
sion (36) of the effective action around the vacuum. So 
our argument appears to have compromised the Lorentz 
invariance, although the final effective Lagrangian (37) 
is obviously Lorentz invariant. In spite of these draw- 
backs our analysis strongly endorses the fact that the 
Skyrme-Faddeev action has something in common with 
QCD, which is truly remarkable. 

Similar result has recently been obtained by many au- 
thors But a new feature in our analysis is that 
the resulting Skyrme-Faddeev action is intimately con- 
nected to the monopole condensation in QCD. In partic- 
ular our analysis makes it clear that the mass scale in the 
Skyrme-Faddeev action is directly related to the mass of 
the monopole potential, which determines the confine- 
ment scale in QCD. This is not surprizing. Indeed any 
attempt to relate the Skyrme-Faddeev action to QCD 
must produce the mass scale that the Skyrme-Faddeev 
action contains, and the only way to interpret this mass 
scale in QCD is through the confinement. 

It must be emphasized that our decomposition (1) has 
played the central role in our calculation of the effective 
action of QCD. It is this decomposition which allows us to 
integrate out the gauge covariant part of the gluons with- 
out breaking the gauge invariance, and reduce the non- 
Abelian dynamics effectively into an Abelian form which 
has a charged vector source. In particular it is this de- 
composition which allows us the gauge-independent sep- 
aration of the monopole background from the dynamical 
degrees of the non- Abelian gauge theory. We conclude 
with the following remarks: 

1) One might question (legitimately) the validity of the 
one loop approximation, since in the infra-red limit the 
non-perturbative effect is supposed to play the essential 
role in QCD. Our attitude on this issue is that QCD can 
be viewed as the perturbative extension of the topologi- 
cal field theory described by the restricted QCD, so that 
the non-perturbative effect in the low energy limit can 
effectively be represented by the topological structure of 
the restricted gauge theory. This is reasonable, because 
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the large scale structure of the monopole topology nat- 
urally describes the long range behavior of the theory. 
In fact one can show that it is the restricted connec- 
tion that plays a crucial role in the Wilson loop integral, 
which provides the confinement criterion in QCD p"l[ . So 
we believe that our classical monopole background (with 
the monopole charge 1/g) automatically takes care of 
the essential feature of the non-perturbative effect, which 
should make the one loop approximation reliable. 

2) One may notice that our vacuum (27) looks very 
much like the old "Savvidy vacuum" ||. But, unlike the 
Savvidy vacuum, ours is stable. This is precisely because 
our infra-red regularization by causality excludes the un- 
physical tachyonic modes in our calculation of the func- 
tional integral (17). The tachyonic modes in the func- 
tional integral, if included, will generate an imaginary 
(absorptive) part in the effective action, which should 
destablize the monopole condensation. Indeed this was 
the origin of the instability of the Savvidy vacuum. We 
don't have this instability. The stability of our vacuum is 
guaranteed by the causality. Of course one might ques- 
tion the wisdom of our infra-red regularization by causal- 
ity. Indeed the issue of what infra-red regularization pro- 
cedure one should adopt is the central issue in QCD, 
which certainly need a more careful examination. Here 
we simply point out that we have other independent jus- 
tifications which support our infra-red regularization by 
causality |7|,|l9[]. Only with the exclusion of the unphysi- 
cal modes one can obtain a consistent theory of QCD. 

3) We emphasize that, independent of the stability of the 
monopole condensation, the real (dispersive) part of the 
effective action of QCD can indeed be related to a gen- 
eralized Skyrme-Faddeev action around the local mini- 
mum. This is remarkable. On the other hand it should 
be emphasized that it is highly unlikely that the Faddeev- 
Niemi knots can actually be realized in QCD. This is be- 
cause the Faddeev-Niemi knots are made of the (color) 
magnetic flux, while the QCD knots (if possible at all) 
should consist of the (color) electric flux. So at best the 
Faddeev-Niemi knots could be interpreted as a "dual" 
description of the possble QCD knots. If this is so, the 
really interesting question now is whether QCD could ad- 
mit the color electric knots which could be interpreted as 
the new glueball states. This question is worth a further 
investigation. 

It must be clear from our analysis that the existence 
of the magnetic condensation (independent of its stabil- 
ity) is a generic feature of the non-Abelian gauge theory. 
Whether this condensation should describe the true vac- 
uum of QCD or not, of course, is the most important 
issue in QCD. This issue, and the generalization of our 
result to SU(3), will be discussed in a forthcoming paper 

& 
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